Abstract. It is known that every loopless cubic graph is 4-edge choosable. We prove the following strengthened result.
where s is somewhat smaller than the order of G. For example, a cubic graph G satisfies s(G, 3) = 0 (that is, G is 3-edge choosable) if G is either bipartite [7] , or planar and 2-connected [6] . The latter result strengthens the 4-colour theorem. If G has a cut-edge, then s(G, 3) > 0 since G is not 3-edge colourable. One easily constructs cubic graphs G having b cut-edges for which s(G, 3) ≥ 2b. For example, if each connected component of G has exactly one cut-edge, then G is f -edge choosable only if each of the 2b leaf-blocks of G contains at least one edge e for which f (e) ≥ 4. (This is because no leaf block is 3-edge colourable). In this paper we show that planar cubic graphs G satisfy s(G, 3) ≤ 5 2 b. Theorem 1.1. Let G be a planar cubic graph having b cut-edges. Then G is f -edge choosable for some function f : E(G) → {1, 2, 3, 4} that has average value 3, and |f −1 (4)| ≤ 5 2 b.
The Polynomial Method
Let e 1 , e 2 , . . . , e m be the edges of a graph G, and let x i be an indeterminate associated with the edge e i . The edge monomial of G is the polynomial in R[x 1 , . . . , x m ] defined by
Here c(i, j) ∈ {0, 1, 2} is the number of vertices incident to both e i and e j . Note that ǫ(G) is a homogeneous polynomial of degree e(G). Furthermore, ǫ(G) is well defined (up to negation) regardless of the edge ordering e 1 , . . . , e m . Each term in the standard expansion of ǫ(G) takes the form α w x w := α w 1≤i≤m x w(e i ) i
where the exponent function w : E(G) → {0, 1, . . . } is a nonnegative integer weighting of the edges of G. We shall write w + 1 for the function e → w(e) + 1. The Combinatorial Nullstellensatz [1, 2] for edge choosability asserts the following.
Lemma 2.1. Let G be a loopless graph, and let α w x w be a nonzero term in the expansion of ǫ(G). Then G is f -edge choosable, where f = w + 1.
The polynomial method for proving that G is f -edge choosable typically involves selecting an exponent function w satisfying w + 1 ≤ f , and showing that α w = 0. To evaluate α w , Ellingham and Goddyn [4] provide a combinatorial interpretation of α w in terms of star labellings which we describe below. Let v be a vertex of degree d in G. A star labelling at v is a bijective function π v from the edges incident with v to the integers {0, 1, . . . , d − 1}. A star labelling of G is a set π = {π v : v ∈ V (G)} where each π v is a star labelling at v. The exponent of a star labelling π is the edge weighting w = w π defined by w(e i ) = π u (e i )+π v (e i ), for e i = uv ∈ E(G). The sign, sgn(π v ), of a star labelling at v is the sign of the permutation
, where e i 0 , e i 1 , . . . , e i d−1 are the edges incident with v, and i 0 < i 1 < · · · < i d−1 . The sign of a star labelling of G is defined by sgn(π) = v∈V (G) sgn(π v ).
Lemma 2.2 ([4]).
For any loopless graph G we have
where the sum is taken over the set of star labellings of G.
The reader should notice that, up to negation, the edge monomial ǫ(G) does not depend on the particular ordering e 1 , e 2 , . . . , e m of E(G). A novel feature of this paper is our use of several coefficients of ǫ(G) in the polynomial method. If a set of coefficients {α w i | 1 ≤ i ≤ k} has a nonzero sum, then at least one coefficient α w i is not zero. This gives a multi-term version of Lemma 2.1.
. . w k } be a set of edge weightings for G, and let Π(W) be the set of star labellings π of G such that the exponent of π is a member of W. If the integer
is not zero, then G is (w i + 1)-edge choosable, for some i ∈ {1, 2, . . . , k}.
Proof. Let Π(w i ) be the set of star labellings of G having exponent w i . If (3) is not zero, then π∈Π(w i ) sgn(π) = 0, for some i ∈ {1, 2, . . . k}. By Lemma 2.2 this last sum equals the coefficient of the term α w i x w i in the expansion of ǫ(G), and the result follows from Lemma 2.1.
To prove our main result, we will construct an appropriate set W of edge weightings of a planar cubic graph G, and show that the signed sum (3) is positive.
Weightings and Star labellings of Threads
A flag of a graph G is a pair (v, e) ∈ V (G) × E(G) whose members are incident in G.
We may write ve instead of (v, e). It is convenient to regard a star labelling of G to be a nonnegative integer function π : 
is called a prestar labelling of T m if the restricted function
The sign of a prestar labelling π is defined to be sgn(π) = m k=1 sgn(π v k ), and the exponent of π is the edge weighting w where w(e) = π(ue) + π(ve) for each e = uv ∈ E(T m ). A prestar labelling π
We say that π has type (i, j) if π(v 0 e 0 ) = i and π(v m+1 e m ) = j. We are interested in classifying, according to type, the set of 1-footed prestar labellings of T m which have a prespecified exponent.
For each m ≥ 0 we define four special edge weightings of T m , which we denote by w 2 , w 11 , w 02 and w 20 . These are illustrated in Figure 1 . The weighting w 2 is just the constant function w(e) ≡ 2. The next three weightings are defined only for m ≥ 1. The weighting w 11 is obtained from w 2 by transferring one unit of weight from e 0 to e m . That is, we have w 11 (e 0 ) = 1, w 11 (e m ) = 3, and w 11 (e) = 2 for e ∈ E(T m ) − {e 0 , e m }. The weighting w 02 is obtained from w 2 by transferring one unit of weight from e 0 to f 1 . The weighting w 20 is obtained from w 2 by transferring one unit of weight from e 1 to e 0 , and then transferring one unit of weight from e 1 to f 1 .
As shown in Figure 1 , each special weighting is associated with one or more 1-footed prestar labellings of T m . Each labelling is denoted by either ρ ij , π ij or π ′ ij where (i, j) is its type. Proof. We prove only the statement regarding w 02 since the arguments are easy and mechanical. Let π be a 1-footed prestar labelling of T m whose exponent equals w 02 . Since π is 1-footed, we have π(v 1 f 1 ) = w 02 (f 1 ) − π(w 1 f 1 ) = 3 − 1 = 2, and π(v k f k ) = 2 − 1 = 1, for 2 ≤ k ≤ m. Since π v 1 is a star labelling we have {π(v 1 e 0 ), π(v 1 e 1 )} = {0, 1}. In case π(v 1 e 1 ) = 0, we have π(v 1 e 0 ) = 1 and π(v 0 e 0 ) = 1 − 1 = 0. We now apply the facts 
... ... ... ... ...
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A Set of Edge Weightings
In this section, we define a set of edge weightings W of a planar cubic graph, to which we will apply Corollary 2.3. Let G be a connected loopless cubic graph and let B(G) be the set of cut-edges in G. A block of G is any connected component of G − B(G) (this differs from the standard definition of "block"). Each block, H, is either a vertex block, a cycle block or a proper block, depending on whether H is a single vertex, a cycle or a subdivision of 2-connected cubic graph. The block tree of G is the tree obtained by contracting each block H to a single vertex, which we also denote by H where no confusion results. Since G is finite, at least one block of G is a proper block. We designate one proper block to be the root block H 0 of G. Every other block of G is called a nonroot block of G. We define B(H 0 ) to be the set of edges in B(G) which have exactly one end in H 0 . Every nonroot block H is incident to a unique cut-edge, denoted by e H , which lies on the path from H to H 0 in the block tree of G. The edge sets of the extended blocks of G form a partition of E(G). We further refine the extended blocks into pieces that are each isomorphic to one of the threads,
defined in Section 3. Each extended vertex block is a path of length 2, which we regard to be copy of the injured thread T − 1 . We define the family
Each extended cycle block is isomorphic to a closed thread T
• m , for some m ≥ 1. We group these into two families. The members of T are called general threads of G, andḠ is the derived graph of G. An edgē e ∈ E(Ḡ) is a base edge ofḠ if Tē is isomorphic to an injured thread. Thus each connected component ofḠ other thanH 0 contains exactly one base edge. Each T ∈ T has zero or more well defined feet, but there are two ways to select which end is the head of T .
Let G be a connected planar cubic graph where a base block H 0 has been selected. Let the T andḠ be the general thread decomposition and reduced graph as defined above. To describe a weighting of G it suffices to specify, for each T ∈ T , which end of T is the head, and which of the weightings described in Section 3 to assign to T . This specification will make reference to a particular perfect matching in the reduced cubic graphḠ. If M ⊆ E(Ḡ) is a perfect matching inḠ, then the edge set D = E(Ḡ) − M is a 2-factor ofḠ. We say that D is bipartite if every cycle ofḠ − M has even length. Let M ⊆ E(Ḡ) be a perfect matching inḠ satisfying the following properties.
(1) every base edge ofḠ is an edge in M, (2) the 2-factor D = E(Ḡ) − M is bipartite, (3) subject to conditions (1) and (2), M contains the maximum possible number of edgesē for which the general thread Tē is nontrivial (that is, Tē ∼ = T 0 ).
The matching M exists because every component ofḠ has a proper 3-edge colouring (by the Four Colour Theorem), and has at most one base edge. We partition the set of threads {Tē |ē ∈ E(Ḡ)} into five classes (
where We have defined the following partition of the general threads of G into eight classes.
By the choice of M, every injured thread in T belongs to T
Let D be any fixed cyclic orientation of the 2-factor D =Ḡ − M. For each general thread in (4) we arbitrarily designate one of two possible flags to be its head, subject to the following condition.
(5) For every T = Tē ∈ T D odd , the head of T equals the head ofē ∈ D.
We now refer to the thread weightings defined in Section 3. For every subset S ⊆ T D odd , we define w S : E(G) → {0, 1, 2, 3} to be the edge weighting which restricts to every general thread T ∈ T , as follows.
odd . Finally, we define the following set of edge weightings of G,
Star labellings of G
Let G be a planar cubic graph. We designate a proper block of G to be the root block of G.
We define the extended blocks, andḠ, M, D and W = {w S : S ⊆ T D odd } as in Section 4. Let Π S be the set of star labellings of G whose exponent is w S , and let
A base flag of G is any flag that is a foot of some general thread in G. Thus every base flag takes the form v H e H where v H is the unique vertex of degree 2 in some nonroot extended block H + , and e H is the unique cut-edge of G which is incident to v H , and is not an edge of
Proposition 5.1. For every star labelling π ∈ Π we have π(v H e H ) = 1, for every base flag
Proof. Let w S ∈ W be the exponent of π. Let v H e H be a base flag in G, and let K be the set of blocks K of G for which e H lies on the unique path from K to the root block of G in the block tree of G. Let L = K∈K K + . Every vertex in the subgraph L has degree 3 except for v H , which has degree 2. For every extended block K + of G, the average value of w S (e) among the edges e ∈ E(K + ) equals 2. This is because each of the weightings . Then every star labelling π ∈ Π S , satisfies the following.
(2) For every T ∈ S, we have π ↾ F (T ) = π 20 . Proof. For any general thread T ∈ T , the restriction π ↾ F (T ) is 1-footed, by Proposition 5.1. Now all the statements except (4) follow immediately from the definition of w S and the three lemmas in Section 3. For the statement (4), we observe that the head and tail of a circular thread in must receive distinct labels in any star labelling of G, and the claim follows from Lemma 3.3.
For every star labelling π of G, we define a a corresponding star labellingπ ofḠ called the derived star labelling. Informally,π is the restriction of π to the heads and the tails of the general threads of G. More precisely, for eachē ∈ E(Ḡ), let T = Tē be the corresponding general thread of G. Let u and v be the endpoints ofē that correspond to the head and tail of T , respectively. The restriction π ↾ F (T ) corresponds a 1-footed prestar labelling of a thread or injured thread having type (i, j), for some (i, j) ∈ {(1, 1), (2, 0), (0, 2)}. We definē π(ue) = i andπ(ve) = j.
Let π ∈ Π. By the definition of W, the exponent ofπ is the constant functionw = 2, 
• every closed thread T ∈ T
• odd receives the labelling ρ 02 , as in (5) (1), (2) and (4), the prestar labelling is fixed, and in (6) the sign is 1 since the threads there are trivial. By Lemma 5.4, sgn(π) = 1 for π ∈ Π 0 . The result follows from the facts that t = 0 for π = π 0 , and that sgn(π 0 ) = 1.
Let Π 1 = Π−Π 0 . We now define a particular function f which maps each member of Π 1 to another star labelling of G. We fix an arbitrary total ordering of the set of odd cycles inḠ.
For π ∈ Π 1 , let C be the first odd cycle which is a component ofḠ[D π ]. Every general thread T ∈ {Tē | e ∈ D π } has type (0, 2) or type (2, 0), so we have π ↾ F (T ) ∈ {π 20 , π 02 , ρ 20 , ρ 02 }, and one of the cases (2), (3), (5) or (6) 
Proposition 5.6. The map f is a fixed-point free involution f : Π 1 → Π 1 which satisfies sgn(f (π)) = − sgn(π).
Proof. Let π ∈ Π 1 and let w S be the exponent of π. Then the exponent of f (π) is the weighting w S ′ ∈ W where S ′ is the symmetric difference of S and {ē ∈ E(C) | Tē ∈ T D odd }. Therefore we have f (π) ∈ Π 1 . Clearly f (π) = π and f (f (π)) = π so f is a fixed-point free involution on Π 1 . For v ∈ V (C), the star labellings π v and f (π) v differ by the transposition (02), whereas π v = f (π) v for every v ∈ V (Ḡ)−V (C). Since C has odd length, the derived star labellings therefore satisfy sgn(f (π)) = − sgn(π). The result now follows from Corollaries 5.5 and 3.2.
We note that the oriented 2-factor D f (π) is obtained from D π by reversing all the arcs in the odd cycle C.
The Main Theorem
Proof of Theorem 1.1. Let the set of edge weights W be defined as in Section 4, and let Π = Π 0 ∪ Π 1 be the star labellings of G with exponent in W, as defined in Section 5. Let π ∈ Π 0 . Then D π is a bipartite 2-factor ofḠ. Applying Lemma 5.3, we conclude that no general thread T satisfies π ↾ F (T ) = π ′ 11 . It follows from Corollary 5.5 that sgn(π) = 1 for every π ∈ Π 0 . We have that Π = ∅, since Π contains the reference star labelling π 0 .
Therefore π∈Π 0 sgn(π) > 0. We have by Proposition 5.6 that π∈Π 1 sgn(π) = 0. Thus we have shown that π∈Π sgn(π) > 0.
Applying Corollary 2.3 we have that G is (w + 1)-edge choosable for some w = w S ∈ W.
We are interested in the upper bound s(G, 3) ≤ |w −1 (3)|. Suppose G has b cut-edges. For any general thread T ∈ T , let
Since every thread in T ij has positive length we have m ij ≥ n ij . Let e be a cut-edge of G. There are exactly two general threads T, T ′ ∈ T 11 ∪ T 02 ∪ T 20 such that e joins a vertex of degree ≥ 2 in T to a vertex of degree ≥ 2 in T ′ . Therefore each cut-edge e contributes exactly twice to the quantity m 11 + m 02 + m 20 , so (7) n 11 + n 02 + n 20 ≤ m 11 + m 02 + m 20 = 2b.
Furthermore, at least one of the two contributions of e goes toward m 11 , because the thread in {T, T ′ } that lies farther from the root block H 0 is always a member of T 11 . Therefore m 11 ≥ m 02 + m 20 . By examining Figure 1 we find that (8) |w −1 (3)| = n 11 + n 02 + 2n 20 .
By comparing (7) and (8), we deduce that s(G, 3) ≤ 2n 11 + 2n 02 + 2n 20 ≤ 4b. To obtain the claimed upper bound of (|w −1 (3)| + |(w ′ ) −1 (3)|). The analogue of (8) is that |(w ′ ) −1 (3)| = n 11 + 2n 02 + n 20 . We sum these two equations.
2s(G, 3) ≤ 2n 11 + 3n 02 + 3n 20 ≤ 4b + (n 02 + n 20 ).
We apply the inequality just before (8). 
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